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Nomenclature

I. Introduction
EAR Earth Object (NEO) interception and hazard mitigation has been recognized as a key issue for the safety of life on Earth. The threat posed by asteroid Apophis, with the uncertainties on its orbit after the close encounter with Earth in 2029, has highlighted the importance of space missions aiming at studying NEOs. In particular, tracking the position and velocity of the asteroid and characterizing its shape and composition have become of primary importance in view of any future deviation strategy. Furthermore testing the technology required to deflect an asteroid is now the primary objective of missions such as Don Quijote 1 . The effect of a number of deviation strategies proposed in the past can be modeled as an impulsive variation of the velocity of the asteroid (e.g. kinetic impactor, nuclear explosion). Other strategies, instead, would result into a low thrust applied to the asteroid with a continuous momentum change (e.g. solar collector, pulsed laser, mass driver, gravity tractor, enhanced Yarkovsky effect) 2 . The consequent variation of the orbit of the asteroid can be computed through a numerical procedure and the result has to be validated through orbit tracking and astronomical observations. Carusi et al. 3 studied the v requirement for deflecting a hazardous near Earth object at different epochs. The orbital course of the asteroid following a deflection impulse along its velocity is computed through the numerical propagation of the full n-body dynamics. They show that, when an encounter occurs before the impact epoch, the required deflection maneuver is noticeably lower than after the encounter itself. Kahle et al. 4 extended this study by removing the assumption of a maneuver along-track; they showed that using a different direction for the deflection maneuver in the vicinity of a planetary encounter increases significantly the performance. The issue with numerical approaches is the N computational time, which becomes a limit when the trajectory has to be integrated over a long period, without losing accuracy. Of course, in the case of a real event, the CPU time would not be an issue; nonetheless, a number of authors have developed analytical formulations, in order to make extensive investigations and gather useful lessons from the computation of a wide range of solutions. In this case the simplification of the two-body problem is often adopted.
Ahrens and Harris 5 gave an estimation of the v required for deflecting an asteroid from an Earth-crossing orbit and Scheeres and Schweickart 6 derived an analytical expression of the shift in the position of the asteroid, under the assumption of a circular orbit and a constant acceleration aligned with the velocity of the NEO. This strategy, that yields a change in the mean motion of the asteroid, is proposed for long lead time until the impact. Subsequently Izzo 7 proposed a similar solution but extended to non circular orbits. However, this formulation introduces an integral term, which was solved analytically only in the case of an impulsive deflection maneuver. Furthermore, the effect of the deviation strategy is translated in a change of mean motion and hence in a phase shift; other changes in the orbital geometry are not included. A more general approach was used by Conway 8 to determine the nearoptimal direction in which an impulsive maneuver should be given. The modified orbital course was propagated analytically forward in time by means of Lagrange coefficients expressed through universal formulae. An analysis on the minimum v and the optimal impulse angle was performed also by Park and Ross 9 , who used Lagrange coefficients to propagate the deviated orbit of the asteroid rather than only its displacement with respect to the nominal course. They also included the effects of the Earth gravity 10, 11 . Song et al. 12 investigated the deflection of asteroids and comets using a power-limited laser beam. They used the same technique proposed by Park and Ross 9 to solve the heliocentric two-body motion after the laser is shut off, whereas when the laser is on, the trajectory of the Earth crossing object is numerically integrated. They found that the optimal operating angle, between the asteroid velocity and the thrust acceleration vector remains in the range [150 180] degrees for warning times longer than one asteroid period, regardless of the orbital elements of the asteroid.
In this paper, the attention is focused on deviation techniques that make use of a continuous low thrust action. In particular, we perform an extensive search for all mission opportunities, over a wide range of launch dates that are Pareto optimal with respect to three criteria: the achievable displacement of the asteroid at the point of Minimum Orbit Interception Distance (MOID), the time between the launch and the hypothetical impact and the propellant mass for the transfer trajectory. Reconstructing the set of all Pareto optimal solutions requires the evaluation of several tens of thousands of trajectories, thus the numerical computation of the transfer trajectory of the spacecraft and of the deflected trajectory of the asteroid would be impractical.
Since 1950 [13] [14] [15] several authors have proposed analytical solutions to some particular cases of the low-thrust problem. Tsien 14 and Benney 15 developed a solution for escape trajectories, respectively subject to radial and tangential continuous thrust acceleration. Following a similar formulation, Boltz 16, 17 proposed a solution in the case the ratio between the thrust and the gravity acceleration is kept constant. In both cases, the orbit is assumed to be circular or nearly circular.
Kechichian 18 used an averaging technique to compute analytical solutions for orbits raising with constant tangential acceleration in the presence of Earth shadow. Kechichian's equations, which contain some terms expanded in power of the eccentricity, are accurate for small to moderate values of the eccentricity, up to 0.2. The effects of the Earth oblateness are also considered. Gao and Kluever 19 adopted an averaging technique with respect to the eccentric anomaly, for continuous tangential thrust trajectories, also accounting for the Earth oblateness and the Earth shadow. The value of the elliptic integrals in the solution of Gao and Kluever is approximated and the accuracy of the solution depends on the eccentricity.
Other analytical solutions for low-thrust trajectories were studied by Petropoulos 20 who presented a general overview of the approximated solutions derived so far. In his work, Petropoulos developed some analytical integrals to describe the secular evolution of the orbit of a spacecraft, subject to different thrust control laws. The rate of change of the orbital energy and the eccentricity are time-averaged and reformulated introducing some elliptic integrals, which are valid for all initial eccentricity from slightly above zero.
This paper proposes a semi-analytical approach to compute the displacement of the position of an asteroid at the MOID point, after a low-thrust deviation maneuver, and a shape based approach for the transfer trajectory 21 . The miss distance achieved with a given deviation action is computed analytically by means of the proximal motion equations 22, 23 expressed as a function of the orbital elements. The variation of the orbital parameters is then computed through Gauss' planetary equations 24 . Note that the computation of the miss distance through proximal motion equations can be adopted for any deviation strategy and represents an extension and a generalization of the methodologies proposed in previous works 3, 6, 7 in which analytical formulae were derived to compute the deviation due to a variation in the orbital mean motion.
The assumption for the analytical developments in this paper is that the deflection strategy uses the Sun as a power source and therefore the thrust acceleration is inversely proportional to the square of the distance from the Sun. Furthermore, we focus our attention on the case in which the thrust is aligned with the tangent to the osculating orbit of the asteroid.
In order to obtain an analytical solution for the variation of the orbital elements, Gauss' equations are averaged over one orbital revolution. However, the required accuracy for the computation of the miss distance is higher than for the design of a generic low-thrust trajectory, hence, unlike other works [18] [19] [20] , also the periodic variation of the orbital elements is taken into account. In addition, the analytic integrals are updated with a one-period step to further improve the accuracy. The general applicability of the proposed formulation and their accuracy is demonstrated through a number of test cases. Furthermore, some analyses are presented on the sensitivity of the deviation to the in-plane orbital elements of the nominal orbit of the asteroid. Finally, families of Pareto optimal solutions, for different asteroids will be presented.
II. Asteroid Deviation Problem
Given the time of interception i t of a generic NEO, the objective is to maximize the minimum orbit interception distance from the Earth, by applying a low-thrust deviation action, which consists in a continuous push on the asteroids centre of mass over a certain interval of time. In general, any deviation strategy generates a perturbation of the nominal orbit of the asteroid. The new orbit can be considered proximal to the unperturbed one (see Fig. 1 ). 
The proximal motion equations provide a very simple and general means to compute the variation of the MOID with good accuracy, without the need for further analytical developments. Compared with methods that are analytically propagating the perturbed trajectory using Lagrange coefficients [9] [10] [11] [12] , the proposed approach does not require any solution of the time equation for every variation of the orbit of the asteroid and is therefore less computationally expensive. On the other hand, it is conceptually and computationally equivalent to those approaches 8 that are analytically propagating only the variation of position and velocity of the asteroid by using the fundamental perturbation matrix 24 . Conversely, the benefit of using proximal motion equations expressed in orbital elements is the explicit relationship between the components of the perturbation action and the geometric characteristics of the orbit of the asteroid.
Gauss' equations (3), together with Eq. (4), provide a way to compute the variation of the orbital elements between the nominal and the deviated orbit. The equations account both for the geometrical variation of the orbit and the secular change in the mean motion. In order to compute the effect of any low thrust deflection strategy, Gauss' equations would have to be numerically integrated. However, in section III of this paper we will restrict our attention to the case of a tangential push with modulus inversely proportional to the square of the distance from the Sun. Note that, if we integrated only the first term of the last of Eqs. (3) , neglecting the variations of e, i, and , and we inserted it into Eq. (4) we would get:
which is the secular change in the mean motion, already considered by other authors 6, 7 . The equivalence of Eq. (6) 
Now, the differential dn can be written as a function of da , and through the first of Gauss' equations (3) 
where T is the transition matrix that links the impulsive  v at time t to the consequent deviation at MOID t . MOID A is the matrix in (2) and t G is the matrix associated to the Gauss' equations written for finite differences, i.e. the control acceleration being replaced by an instantaneous change in the asteroid velocity vector: conjugate to the maximum eigenvalue. As a result of this analysis, we can derive that for a ∆t larger than a specific 1
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tT  the optimal impulse presents a dominant component along the tangent direction, being this one associated to the shifting in time between the position of the asteroid and the Earth, rather than to a geometrical variation of the MOID. This conclusion is in agreement with the preliminary analysis on the  v direction performed by Ahrens and Harris 5 the numerical verification by Park and Ross 9 and the mathematical demonstration provided by Conway 8 . In the case of a low-thrust maneuver, as a first approximation, this results can be generalized by choosing the control vector at time t instantaneously tangent to the optimal impulsive   t
Hence in this work, we focus on low-thrust acceleration in the tangent direction. This is a valid assumption when we consider hazardous cases with a warning time longer than approximately 0.75 NEO T . For a better estimation of the optimal direction of thrust in the case of low-thrust propulsion, one can refer to the analysis by Song et al. 12 .
Note that, in general, the direction that maximizes  r is not optimal for the maximization of   rr defined in Eq. (5). However, in this paper we use the maximization of  r as an approximation to the general case, since it is valid for an actual impact, i.e. MOID equal to zero.
III. Semi-Analytical Formulae for Low-thrust Deviation Actions
In this section, a set of semi-analytical formulae will be derived to calculate the total variation of the orbital parameters due to a low-thrust action. It is considered that a continuous acceleration t a is applied along the orbit track, with modulus given by:
where r is the distance from the Sun and k is a time-invariant proportionality constant that has to be fixed according to the specification of the power system. The selection of this acceleration law does not represent a severe restriction to the mission design, in fact Eq. (8) describes any strategy that exploits the Sun as a power source, e.g. a solar electric propulsion spacecraft that rendezvous with the NEO, anchors to its surfaces and pushes, or a solar mirror which collects the energy from the Sun and focuses it onto the asteroid surface to ablate it. Moreover, if the formulae presented in the following are adopted to design a low-thrust trajectory, Eq. (8) represent the control acceleration due to a power-limited spacecraft.
Gauss' equations are written as a function of the true latitude
where, in case of zero acceleration out-of-plane h a ,
where h is the orbital angular momentum. Under the hypothesis of planar tangential maneuver, Eqs. (3) 
Eqs. (10) are averaged over one period of the true anomaly  24 , yielding the average rate of change of the orbital parameters:
,2 2
The total variation  of the orbital elements over one orbital period of *  can be approximated as: 
By considering a and e constant within one revolution, the following analytical formulae can be derived after some algebraic manipulations: the incomplete elliptic integral of the second kind 24, 25 . Note that the integral kernels (11) 
A. Accuracy Analysis
The accuracy of Eqs. (11) was assessed by computing the relative error on the achieved deviation  r between the numerical propagation of Gauss' equations and the analytical formulae: respectively in order to obtain a relative error of the order of 5 
10
 . The value of k used for the following analyses is k = 2.2·10 5 km 3 /s 2 for asteroid Apophis (Fig. 2a) and k = 2·10 4 km 3 /s 2 for asteroid 1979XB (Fig. 2b) . The reasons, which led to these values will be explained in section VI. Other than the accuracy, an advantage of the analytical formulation is a significant reduction in the computational cost with respect to a numerical integration through a Runge-Kutta method. In fact, the CPU time § required for the numerical propagation of Gauss' equations is one order of magnitude higher than the one required for the computation of the analytical formulae, as reported in Table 1 . 
IV. Periodic Variation of the Orbital Parameters
The analytical formulation in Eqs. (11) describes the mean variation of the keplerian elements, hence it gives a sufficiently accurate estimate of their variation over one full revolution of the true latitude. For smaller angular intervals, the periodic component of the perturbation must be included because its variation is not zero. To this aim an expression was derived to estimate the periodic component of semi-major axis, eccentricity and argument of the 
In Eqs. (14) the first two terms are the initial condition for the secular evolution at point 0 (i.e. the point when the deviation action commences), the third term indicates the secular variation obtained form Eqs. (11) and the forth one is the periodic variation. The coefficients a C , e C and C  are the amplitudes of the periodic variation. Their value was set through a calibration process: Gauss' equations in Eqs. (10) However it needs to be performed once and for all, given the asteroid and the proportionality constant of the acceleration k. In fact it was verified that for low-thrust action the amplitude of the periodic components of the perturbation is almost constant over a number of integration periods that are sufficient to deviate the asteroid by a considerable distance. Through the calibration process the second and the forth term in Eq. (14) can be determined. The former term is required to find the initial condition for the secular variation of the orbital parameters. For example, Fig. 3 compares the semi-analytical expression of the eccentricity (continuous bold line) to the numerical one (continuous normal line) for asteroid Apophis. The dot line represents the mean variation instead (dot line). Table 2 In order to properly take into account the periodic variation of the mean anomaly within an interval smaller than one revolution, the corresponding Gauss' equation has to be integrated over Note that introducing the periodic terms allows for the computation of the evolution of the orbital elements starting from any angular position along the orbit. In fact, if the point when the deviation action commences (i.e. point 0 in Eqs. (14)) is different form the pericenter, the initial mean parameters are different from the initial osculating elements. The periodic terms instead assure that the required accuracy for a deviation maneuver starting at any angular position. This would have not been achieved by using other formulations [18] [19] [20] that account only for the secular variations.
V. Time Formulation
In some applications the semi-analytical formulae introduced in section III and IV are enough to describe a lowthrust trajectory. The variation of the orbital parameters over an integer number of full revolutions of the angle *  can be calculated directly from Eqs. (11); for the last revolution, the periodic components are counted together with the secular variations through Eqs. (14) . This approach, called latitude formulation in the following, does not use the time as independent variable. It allows a considerable saving in computational time and at the same time it provides good accuracy, comparable with a numerical integration with low tolerance.
However, the time is required when dealing with the asteroid deviation problem since the component of the deviation associated to the shift in time has to be taken into account. In fact the latitude formulation accounts only for the shift in position of the asteroid. Given the thrust arc   ie tt, we want to apply the described semi-analytical formulation in order to find the displacement of the asteroid after a given time. Eqs. (11) for the remainder of the thrusting arc, the element differences are calculated using Eqs. (14) and (17) Step 2), updating at each integration step (which is one period long) a, e, and recalculating the elliptic integrals (12) Step 2: Eqs. (11) 

Step 0: Set C a , C e , C
The relative error was computed for increasing values of the proportionality constant k. Fig. 6a and Fig. 6b report The high value of the relative error when 1 NEO tT   is due to the approximation, introduced with the periodic components of the orbital elements in Eqs. (14) . Hence the time formulation can be substituted to the numerical integration only for a thrust arc t  longer than one orbital revolution. On the other hand, when low-thrust strategies are selected, the thrust arc is in general longer than 1 NEO T . Fig. 8 depicts the percentage of saving in computational time of the semi-analytical approach, with time formulation, with respect to the numerical integration. When 1 NEO tT   the gain is around 40% and it increases with the length of the push arc. 
VI. NEO Deviation Missions
In this section, the analysis of some NEO deviation missions is presented. Two asteroids were selected, based on their orbital parameters: Apophis with low eccentricity and inclination and 1979XB with high eccentricity and high inclination ( 0.7 e  , 25 i   ). The orbital elements that are most significant for the following analysis are reported in Table 3 , together with the minimum orbit interception distance and the mass of the asteroid. The MOID r  was calculated using the Earth's ephemerides on 27 January 2027 at 12:00 hrs, taken from analytic ephemerides which approximate JPL ephemerides de405 ** . Note that, the actual MOID varies with time 26 , due to the actual orbit of both the Earth and the asteroid. On the other hand, the aim of this work is not to reproduce any specific and realistic impact scenario, but rather to assess the performance of a low-thrust deviation action over a wide range of mission opportunities. A more accurate calculation of the MOID would produce a more precise estimation of the actual achievable deviation but would not invalidate the results in this paper. As a reference case, we consider a spacecraft equipped with a solar mirror with a diameter of 100 m and a dry mass d m 27 of 895 kg. The spacecraft is launched at a time d t , selected in a range of 20 y before the possible collision, with maximum hyperbolic excess velocity is 3.5 km/s, and is equipped with engine delivering an unlimited thrust with an 3000 s sp I  . Once the spacecraft has intercepted the asteroid, the low thrust deviation maneuver is performed from i t up to the time at the MOID (i.e. eM O I D tt  ); no propellant is assumed to be consumed during the deviation phase, but a 25% margin on the total wet mass is considered, to account for station keeping and mirror deployment operations. Table 4 summarizes the key parameters of the mission. Table 5 reports the values of the acceleration constant k for each asteroid, together with the average of the thrust acceleration on a nominal orbit of the asteroid, according to Eq. (8), the average of the Sun gravitational acceleration and the ratio between the two accelerations.  is the warning time and   rr is the total deviation to be maximized. The transfer trajectory was calculated through a shape-based method 21, 29 and a hybrid optimization approach, blending a stochastic search with an automatic solution space decomposition technique 30, 31 , was used for the solution of problem in Eq. (18) . Fig. 10 represents a set of launch opportunities for a deviation mission to Apophis, assuming that the asteroid is at the MOID on the 7 th of July 2027 (10049 MJD2000). Note that the Earth is not at the MOID on the same date, because the aim of these test cases is to measure the achieved deviation not to reproduce a real impact scenario. The launch dates and transfer times in Fig. 10 correspond to the set of Pareto optimal solutions in Fig. 11a . In Fig. 10 we can see that a wide range of launch opportunities are available every year between 2010 and 2030, though the required transfer time might change significantly. In particular we can identify two groups of solutions around 5000 MJD2000 and 7500 MJD2000 with a short transfer time (i.e. short warning time), a scattered set of solutions with a transfer time between 500 and 600 days and three groups of solutions with long transfer time. Note that we used a non-exhaustive stochastic search process, therefore more solutions can exist in the same range of launch dates. In Fig. 11a , the three axes represent the components of the objective function Eq. (18); the z-axis contains the magnitude of the deviation  r . The mass into space 0 m , that was limited to 5000 kg in this analysis, is a function of the mass of propellant required to perform a transfer from the Earth to the asteroid. In the case of Apophis a mission using a solar collector with a diameter of 100 m, would achieve deviations of the order of 10 Now, neglecting the transfer phase and assuming the same value of the acceleration constant k, the sensitivity of the deviation to the in-plane orbital elements a, and e of the nominal orbit of the asteroid can be investigated. Several values of semi major-axis and eccentricity are considered, covering the range of in-plane elements for a group of 338 Aten asteroids from the JPL catalogue † † . The range for semi-major axis in AU is 0.64 0.99 a  and the range for eccentricity is 0.013 0.89 e  . For each value of eccentricity and semi-major axis the corresponding orbit is computed keeping the other orbital elements equal to the parameters of Apophis. The deviation is calculated for increasing values of the pushing time, from 1 d up to 20 years before the date at the corresponding MOID.
A. Apophis Deviation Mission
The modulus of the deviation of the asteroid at the MOID is displayed in Fig. 12a as a function of the pushing time. Note that, as a consequence of the acceleration law, which goes with the inverse of the distance from the Sun, the achievable deviation for a fixed warning time decreases with the increase of the nominal semi-major axis. This is clear if we analyze the first equation of Eqs. (3) and we substitute the value of the acceleration: and is the term which mostly influences the value of the deviation, because it contributes to the shift in time.
As we can appreciate, from Fig. 12b , the relative error with the precise numerical integration does not exceed 10 -2 , which means that the accuracy of the analytical formulae is good in the selected range of values of the semi-major axis. The sensitivity analysis to the eccentricity, instead, is shown in Fig. 13 . In this case (see Fig. 13a ), for the same pushing time, the magnitude of the deviation increases, with the increase of the eccentricity. Also the fluctuations within the orbital period are more visible. The local maxima correspond to an interception point prior to the pericenter.
It is very interesting to note that a good accuracy is assured also for different values of eccentricity, within the range 0.013 0.89 e  . Fig. 13b shows the relative error of the time formulation. Note that the accuracy of the time formulation is in general lower than the accuracy of the latitude formulation. In fact, the former one needs a further operation, which is the determination of the value of 
B. 1979XB Deviation Mission
The launch opportunities for a deviation mission to asteroid 1979XB are represented in Fig. 14 . The test case close approach occurs on the 20 th of May 2030 (11097 MJD2000). In this case, the launch opportunities are grouped in single stripes with an average transfer time ranging between around 200 and 800 days. The corresponding set of Pareto optimal solutions is shown in Fig. 15a , which shows that the maximum achieved deviation is of the order of 10 5 km, since the mass of the asteroid is The high eccentricity of the orbit of the asteroid 1979XB emphasizes the periodicity of the achievable deviation with t  (see Fig. 15b where the grey scale indicates the angular position at interception). The considerable step in the value of the deviation is in correspondence of an interception prior to the pericenter. This effect is amplified for this asteroid, since its orbit is highly elliptical. Again we performed the same analysis of sensitivity to the semi-major axis and the eccentricity, by computing the deviation for a range of a and e and by keeping the other parameters equal to the one of 1979 XB, which belongs to Apollo class. While the range of the eccentricity is always 0.013 0.89 e   , for the semi-major axis a range of 1.0006 3.595 a  AU was considered, as the range of semi-major axis of the Apollo class, taken from the JPL catalogue ‡ ‡ . Also in this case (see Fig. 16a ) the value of the deviation, for a fixed pushing time, decreases with the increase of the semi-major axis (the 1979XB case is represented in white line). The different shape with the orbital period, with respect to Fig. 12a is due to the higher eccentricity (e = 0.726).
Finally, the accuracy is represented in Fig. 16b . The relative error, despite being always under 3·10 -2 , increases with the semi-major axis, for fixed value of the pushing time. The sensitivity to eccentricity is depicted in Fig. 17 . As already observed in Fig. 13a , for the same pushing time, the magnitude of the deviation increases with the increase of the eccentricity (see Fig. 17a ). Also in this case a good accuracy is achieved for different values of eccentricity, within the range 0.013 0.89 e  
. Fig. 17b shows the relative error of the time formulation. VII.
Conclusion
In this paper, a solution to the asteroid deviation problem in the case of a low-thrust deviating action is proposed. Proximal motion equations were used to compute the achieved deviation at the minimum orbit interception distance and semi-analytical formulae were derived to calculate the total variation of the orbital elements at the end of the thrust arc. The proposed semi-analytical formulation was proven to provide a significant saving in computational time with respect to the direct numerical integration of Gauss' equations. In particular, for the anomaly formulation the saving in computational time is up to one order of magnitude. The time formulation displayed a lower saving because, for the specific application presented in this paper, the accuracy requirements are quite stringent. Nonetheless, for very expensive calculations, like the generation of the Pareto sets, that require several hundred thousands of function evaluations, the semi-analytical formulae allowed the generation of double the number of Pareto sets in the same computational time. Moreover, the gain in speed is not compensated by an equivalent loss in accuracy. The results in the paper show that the relative error on the variation of the orbital elements is small for a push interval longer than one orbital period and remains small for long spirals. On the other hand for shorter periods, numerical integration has to be used because more accurate. Finally, the proposed semi-analytical formulae are accurate for a wide range of values for eccentricities, semi-major axis and accelerations, suggesting their use for the fast generation of first guess solutions for long escape or capture spirals.
The paper presents two applications of the semi-analytical formulation to the generation of sets of Pareto optimal solutions, for the design of mitigation missions to asteroid Apophis and 1979XB. For both asteroids, a wide range of launch opportunities have been found, between 2010 and 2030, with an achieved deviation that grows above the Earth-Moon distance for warning times above 20 years. For shorter warning times, between 3 to 5 years, the achievable deviation is of the order of the radius of the geostationary orbit. The value of the achieved deviation presents a periodic trend with the true anomaly of the interception point, in particular when the eccentricity of the asteroid is high, an interception prior to the pericenter is significantly more effective than an interception after the pericenter.
